Abstract. Numerical methods (finite element methods) for the approximate solution of elliptic partial differential equations on unbounded domains are considered, and error bounds, with respect to the number of unknowns which have to be determined, are proven.
1. Introduction. The finite element method, its theory and practice, has recently become of interest in numerical analysis, see e.g. [IH '3] , and the papers of Aubin, Birkhoff, Bramble, Ciarlett, Schatz, Schultz, Varga, etc.
The theoretical analyses of the finite element method have been concerned with bounded domains. Strang and Fix, [1] , [2] , have, however, analyzed the finite element method with respect to an infinite domain (the space R,), but their procedure requires the solution of an infinite system of linear algebraic equations. This paper will deal with the problem of finding, by the finite element method, an approximate solution of a boundary value problem for elliptic partial differential equations on an infinite domain by solving only a finite system of linear algebraic equations.
The approach will be shown on a model problem. Our task will be to find the solution of the equation (weak solution) ( 
1.1)
-Au + u = 1 on R», where u £ W^IQ and / £ Wk2(R"), k ^ 0. We will show that the rate of convergence on compact sets of is practically the same as the rate of convergence for boundary value problems on bounded domains. The rate of convergence will turn out to be determined by the number of unknowns in the system of linear algebraic equations.
Our approach may be easily generalized to the case of an elliptic differential equation of order 2m, provided that the coefficient of the zero order term of the equation is bounded above and below by positive constants.
We will analyze only the case when £2 = R". By combining the approach described above with the results concerning bounded domains (see e.g. [6] -[l 1]), it is easy to get the corresponding results for unbounded domains with bounded boundary.
Throughout this paper, let x denote the n-dimensional vector in Rn, i. 2. The Spaces. In this section, we shall introduce the spaces which will be used in the paper. Let us mention some of the well-known properties of these functions which will be important later on:
(1) Vt(x) ^ 0, pUx) ^ 0 for all x £ R"r In the following, let U and V denote the functions denned on the set of all multiintegers k. In [14] we have proved that 2. Let us now prove (2.13) for / = 0 and u ^ 0. Let U £ ß°J and U£k) = £/(£>"'*'. Using (2.13) for u = 0 and £/", we obtain, because of (2.9), (2.25) [ £ I U(k)\ e*1* W* -k)
On the other hand, we have From (3.18), using (3.13), we get inequality (3.10). Inequality (3.11) is proved by changing u to -u in the above discussion. This completes the proof of Theorem 3.2.
4. The Finite Element Method and its Convergence. In [6] we proved the following two theorems. Let us count the number T of unknowns in (4.18) which we have to determine by solving a system of linear equations. It is clear that T is of the order h~"ll+'\ Now let the "effective" H (see [7] ) be defined by Now, by the same manner as in [7] , we can show that the rate of convergence indicated in (4.23) is the highest possible rate of convergence on every compact domain, provided that we neglect the e.
